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One of the most remarkable phenomena in Loop Quantum Cosmology is that, at least for homo-
geneous cosmological models, the Big Bang is replaced with a Big Bounce that connects our universe
with a previous branch without passing through a cosmological singularity. The goal of this work
is to study the existence of singularities in Loop Quantum Cosmology including inhomogeneities
and check whether the behavior obtained in the purely homogeneous setting continues to be valid.
With this aim, we focus our attention on the three-torus Gowdy cosmologies with linearly polarized
gravitational waves and use effective dynamics to carry out the analysis. For this model, we prove
that all the potential cosmological singularities are avoided, generalizing the results about resolution
of singularities to this scenario with inhomogeneities. We also demonstrate that, if a bounce in the
(Bianchi background) volume occurs, the inhomogeneities increase the value of this volume at the
bounce with respect to its counterpart in the homogeneous case.
I. INTRODUCTION
Under quite general conditions, Einstein’s general rela-
tivity predicts the appearance of spacetime singularities,
such as the cosmological Big Bang, where the matter den-
sity and the curvature become infinite and therefore the
theory breaks down [1, 2]. Candidate theories for quan-
tum gravity (e.g., string theory, M-theory, Loop Quan-
tum Gravity, etc.) try to overcome this problem by uni-
fying general relativity with quantum physics. Clearly,
apart from solving singularities, the quantum effects in-
troduced in these theories should be compatible with the
classical behavior of gravity at large scales in spacetime
regions like the one we observe.
Loop Quantum Gravity (LQG) is one of the most
promising candidates to face these challenges [3–5]. It is
based on a nonperturbative and background-independent
approach which describes the geometry of the universe
within the paradigm of quantum physics. The appli-
cation of LQG to cosmology is known as Loop Quan-
tum Cosmology (LQC) [6–9] and, to the present day, has
succeeded in solving many of the problems related with
spacetime singularities in a variety of homogeneous cos-
mological models. In particular, the loop quantization
program has been applied in detail to homogeneous and
isotropic Friedmann-Robertson-Walker (FRW) models
(flat [10–13], closed [14, 15], and open cases [16], with and
without cosmological constant [17, 18]), and also to some
homogeneous but anisotropic models (Bianchi I [19–24],
Bianchi II [25], and Bianchi IX [26]). All the analyses
carried out so far in homogeneous scenarios indicate that
(strong) curvature singularities are resolved. For exam-
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ple, the Big Bang and Big Crunch singularities are re-
placed with a Big Bounce, which connects the initially
considered branch of the universe with another branch
where Einstein’s equations are also valid once the bounc-
ing regime is over [10–12]. As a result, far from the
Planck regime, the results of LQC match those of gen-
eral relativity. An intuitive way to understand this is
thinking that LQC corrections create a repulsive force
that dominates at Planck scale but quickly vanishes at
larger scales. In this way, LQC meets both the ultraviolet
(small scale) and infrared (large scale) challenges.
LQC has recently been employed in order to face
the quantization of inhomogeneous spacetimes. In these
cases, the strategy has been the following. After split-
ting the system into a homogeneous and an inhomoge-
neous part, a hybrid quantization approach is adopted,
which combines a loop quantization for the homoge-
neous part [7] and a Fock quantization for the inhomo-
geneities [27]. This approach has been applied to the vac-
uum Gowdy model [28, 29] (with linearly polarized grav-
itational waves and three-torus spatial topology), con-
firming that the quantum analog of the cosmological sin-
gularity is avoided [30–32]. The model has recently been
revisited to include a scalar field as matter content [33].
Let us review very briefly the fundamentals of LQC
and how it has been used in cosmological models like
those mentioned above (for more details see, e.g., Refs. [9,
34]). In LQG, the phase space is described by the
Ashtekar-Barbero variables: an SU(2) connection Aia
and its canonically conjugate momentum, the densitized
triad Eai . The holonomies of the connection and the
fluxes of the triads through surfaces form an algebra un-
der Poisson brackets, which is chosen as the fundamental
algebra of phase space variables. The quantization of this
phase space is not carried out following standard methods
(like, e.g., a Schro¨dinger quantization). Instead, a differ-
ent approach known as loop or polymer quantization is
employed [3–5]. The choice of this quantization is dic-
2tated by the requirements of background independence
and symmetry invariance (diffeomorphism invariance in
full LQG).
The FRW models, which correspond to homogeneous
and isotropic universes, are the simplest cosmological
models. In this case, the geometry of the universe evolves
according to a single scale factor a(t). Consequently, in
LQC, the corresponding holonomies of the connection
and the fluxes of the triad are determined, respectively,
just by one homogeneous variable. We call c and p the re-
sulting pair of variables, which are chosen to be canonical
up to a factor: {c, p} = κ/3, where κ = 8πGγ (G being
Newton’s constant and γ = 0.2375 being the Immirzi pa-
rameter [7, 8]). It is common to use the orthonormal
eigenbasis of the flux (triad) variable p to represent the
theory. This basis has the form {|p〉 : p ∈ R, 〈p˜|p〉 = δp˜p},
so that the spectrum of p is discrete but runs over the
whole real line. The emergence of the discrete inner
product in this p-basis is a characteristic of the poly-
mer quantization [7, 8]. In this polymer representation,
the explicit action of the flux and holonomy operators
is given by: pˆ |p〉 = κ6 p |p〉 and Nˆµ |p〉 = |p+ µ〉. Here,
Nµ = exp(iµc/2), and the holonomy elements are linear
combinations of these exponential functions, with µ any
real number. With this representation, the connection is
not continuous; hence, indeed there is no operator rep-
resenting c. Classically, curvature can be expressed as a
limit of holonomies around a loop as the area enclosed by
it shrinks to zero. However, in LQG, the geometric area
has a discrete spectrum. If we call ∆ the minimum of
the allowed nonzero eigenvalues [3–5], only areas larger
than ∆ are considered, and the limit of vanishing area
is not reached. Instead, the usual procedure is to choose
the length µ¯ in such a way that the physical area co-
incides with the minimum allowed value, i.e., with ∆.
This requirement can be argued to lead to the relation
µ¯ =
√
∆/|p|. The inclusion of this choice is usually called
improved dynamics [12] in the LQC literature.
In extending LQC to more general situations, the
next step consists in including anisotropies. One of the
simplest anisotropic (homogeneous) cosmologies is the
Bianchi I model, which describes a universe with three
different scale factors (one for each direction). The phase
space of this model may be seen as three copies of the
FRW model. The metric for the (orthogonal) Bianchi I
spacetime can be written:
ds2 = −N2dt2 + a21dx2 + a22dy2 + a23dz2, (1)
where N is the lapse function and ai are the directional
scale factors (i = 1, 2, 3). The Ashtekar-Barbero vari-
ables for LQC are the connection functions ci and the
triad functions pi, whose nonvanishing Poisson brackets
are:
{ci, pj} = κδij . (2)
We note that there is a factor of 3 difference in these
brackets with respect to the homogeneous case, owing
to the different number of dimensions of the respective
phase spaces.
The triad functions are related with the scale factors
by |pi| = lj lkajak (i 6= j 6= k), where the li’s are fidu-
cial lengths that, for compact topologies, can be chosen
equal to the natural period 2π of each of the spatial coor-
dinates. Besides, under quantization, one can restrict all
considerations, e.g., to the sector with positive orienta-
tions of the triad components without loss of generality
[31, 32], thus making the absolute value disappear in the
above formula. In this case,
p1 = 4π
2a2a3, p2 = 4π
2a1a3, p3 = 4π
2a1a2. (3)
In the corresponding improved dynamics scheme, the
lengths of the edges of the closed loop over which
holonomies are evaluated are proportional to:
µ¯1 =
√
∆
p1
p2p3
, µ¯2 =
√
∆
p2
p1p3
, µ¯3 =
√
∆
p3
p1p2
. (4)
One step further in the generalization of LQC involves
the inclusion of inhomogeneities. The simplest inhomoge-
neous cosmologies are the Gowdy models, which have two
spatial Killing vector fields and spatial sections of com-
pact topology [28, 29]. Among them, in this work we will
consider the simplest case, namely, the model with the
spatial topology of a three-torus and linearly polarized
gravitational waves. To carry out the hybrid quantiza-
tion program, we first split the phase space of the system
into a homogeneous sector and an inhomogeneous one.
The homogeneous sector corresponds to a vacuum
Bianchi I model with three-torus topology, to which the
considered Gowdy model reduces when all the inhomo-
geneities vanish. It is represented by the connection and
triad coefficients ci and pi as before, where now i = θ, σ, δ
are the three spatial coordinates [playing the same role as
x, y, z in Eq. (1); our new notation emphasizes that they
are now axial coordinates]. In particular, σ and δ are
coordinates adapted to the Killing fields. We can add as
well a homogeneous massless scalar field, described by the
canonical pair (φ, pφ), with Poisson brackets {φ, pφ} = 1.
On the other hand, the inhomogeneous sector is charac-
terized by the metric field ξ(θ) and its conjugate mo-
mentum Pξ(θ). The field ξ(θ) can be interpreted as
the logarithmic norm of one of the Killing vectors of
the model, suitably scaled and with the zero mode re-
moved [31] . The canonical pair can be decomposed into
nonzero Fourier modes, obtaining an infinite countable
set of canonical pairs, {(ξm, Pmξ ) : m ∈ Z − {0}}. For
these modes, annihilation and creation variables (am, a
∗
m)
can be introduced as follows, neglecting in principle any
mass term. We define
am =
√
π
8G|m|
(
|m|ξm + i4G
π
Pmξ
)
, (5)
together with its complex conjugate a∗m. The associated
Poisson brackets are {am, a∗m˜} = −iδmm˜. Let us also
3comment that, if a minimally coupled scalar field with
the same symmetries of the metric is introduced in the
model, the matter inhomogeneities (after an adequate
scaling) can be described exactly in the same manner as
the gravitational waves [33].
The combination of the two sectors is a nontrivial pro-
cess, inasmuch as they get coupled by the Hamiltonian
constraint of the system, which relates the variables that
describe the homogeneous degrees of freedom with the in-
homogeneous variables. As mentioned above, the quan-
tization of this Gowdy model, both with and without
matter, has recently been obtained using this hybrid ap-
proach, based on the assumption that the most relevant
quantum geometry effects are those that affect the homo-
geneous sector representing the Bianchi-I background, on
which the gravitational waves propagate [32, 33].
Since a complete quantum description of this model
(and similar ones) may be too complicated to handle,
considerable attention has been paid to what is claimed
to be the effective dynamics of the model, assumed to
describe the evolution of the peaks of appropriate semi-
classical states in regimes governed by classical equations
corrected with quantum effects [35, 36]. For the homoge-
neous and isotropic case, this effective dynamics has been
deduced analytically under certain conditions on the con-
sidered semiclassical states [35]. Besides, all numerical
simulations in anisotropic models support the use of this
deduced effective dynamics, when straightforwardly ex-
tended to the anisotropic scenarios [37]. In this context,
it seems natural to apply the same philosophy to the
Gowdy model and extend to it the considered effective
dynamics, at least as a way to explore the possible impli-
cations and self-consistency of the approach. The model
that we consider is parametrized by the homogeneous
variables (ci, pi) (i = θ, σ, δ), which describe again the
connection and the densitized triad, and (φ, pφ), which
describe the massless scalar field, and the inhomogeneous
variables (aξm, a
ξ∗
m ) and (a
ϕ
m, a
ϕ∗
m ) (the latter if a matter
scalar field has been introduced). In general relativity,
they are subject to the Hamiltonian constraint
CGM =− 1
κγ
(cθpθcσpσ + cθpθcδpδ + cσpσcδpδ)
+
(cσpσ + cδpδ)
2
16πγ2pθ
Hint + 2πpθH0 +
p2φ
2
. (6)
Here, H0 = H
ξ
0 +H
ϕ
0 , Hint = H
ξ
int +H
ϕ
int, and
Hr0 =
∞∑
m=1
m(ar∗ma
r
m + a
r∗
−ma
r
−m), (7)
Hrint =
∞∑
m=1
1
m
(ar∗ma
r
m + a
r∗
−ma
r
−m + a
r∗
ma
r∗
−m + a
r
ma
r
−m),
(8)
where r = ξ, ϕ. The inhomogeneous degrees of freedom
must also satisfy another constraint, that ensures that
the total momentum of the system vanishes. Finally, it
is easy to see that 0 ≤ Hint ≤ 2H0 [38, 39].
It is worth mentioning that the effective Hamiltonian
constraint can be obtained from the original classical one
by means of the substitution
ci → sin (µ¯ici)
µ¯i
, with µ¯i =
√
∆pi
pjpk
, i 6= j 6= k. (9)
The effective equations of motion can now be derived
from the effective Hamiltonian by simply taking Poisson
brackets with the elementary variables.
Using this effective Hamiltonian approach, Singh has
recently studied the Bianchi I model in LQC to eluci-
date whether all the singularities are resolved [40]. The
case with a massive scalar field as the matter content—in
which inflation can occur—has also been thoroughly ana-
lyzed [41]. The existence of anisotropies confers particu-
lar interest to the Bianchi I model, which exhibits a wide
variety of singularities [42] that result in a rich behavior
of the non-singular effective theory [43]. Furthermore,
if one appeals to the Belinskii-Khalatnikov-Lifshitz con-
jecture [44], cosmological singularities would locally be-
have like homogeneous anisotropic regions of spacetime.
Therefore, discussing whether LQC cures those singular-
ities may lead to a general result about singularitfy res-
olution by loop quantum effects [45]. In particular, it is
interesting to analyze whether any persisting singularity
is strong (implying the destruction of any free in-falling
observable) or weak (which would let strong objects pass
through). This strong or weak character is related with
the extendibility of geodesics [36].
Since cosmological singularities are associated with di-
vergences of the spacetime curvature, Singh studied these
curvature invariants for the Bianchi I model with matter
and a vanishing anisotropic stress [40]. He found that,
despite the fact that the directional Hubble rates, the
expansion scalar, the shear scalar and the energy den-
sity are bounded in this model, the Ricci scalar R, the
Kretschmann scalar K = RαβµνR
αβµν (Rαβµν being the
Riemann tensor), and the square of the Weyl curvature
CαβµνC
αβµν diverge if the volume vanishes and/or the
pressure blows up at a finite energy density (as usual,
spacetime indices are denoted with Greek letters).
We are interested in extending Singh’s analysis to cos-
mologies with inhomogeneities. As we have already com-
mented, we will focus on the three-torus Gowdy model
with linearly polarized gravitational waves. By analyz-
ing this relatively simple inhomogeneous model, we want
to discuss the effect of inhomogeneities in the bouncing
mechanism of LQC and thus check whether the results
obtained in homogeneous LQC are still valid in their pres-
ence. In particular, we want to explore the answer to
the following questions: are the cosmological singulari-
ties still resolved by means of a Big Bounce when inho-
mogeneities come into the scene?; and, if this happens to
be the case, how the inhomogeneities affect the bouncing
process?
The structure of the rest of the work is as follows. Sec-
tion II summarizes the assumed effective Hamiltonian
4description and derives the corresponding equations of
motion for the Gowdy model. In doing so, we extend the
case analyzed in Refs. [38, 39] by two means: first, by
adopting an improved dynamics scheme of the form (4),
and second by adding a matter content. The possible
existence of singularities in our model is studied in Sec.
III, determining the conditions under which the curva-
ture invariants of the Bianchi I effective background may
diverge. We find that the directional Hubble parameters,
the expansion, the shear scalar, and the energy density
are bounded, as in the purely homogeneous case, and that
curvature invariants may diverge only if the physical (ho-
mogeneous) volume vanishes. Interestingly, we also show
that the Hamiltonian constraint actually rules out the
possibility that this volume becomes zero. Then, we con-
centrate on the possibility of a bounce in the Bianchi I
volume in the process of avoidance of singularities. We
determine in Sec. IV the region of phase space in which
this bounce may occur. Moreover, we demonstrate that
the value of the volume at this bounce is larger than the
one corresponding to the purely homogeneous case, i.e.,
the inhomogeneities increase the volume at the bounce.
Finally, Sec. V concludes the work, summarizing the re-
sults and proposing some directions for future research.
II. EFFECTIVE DYNAMICS OF THE GOWDY
MODEL
As we have pointed out, it is commonly assumed that
the effective Hamiltonian constraint of the Gowdy model
can be obtained from Eq. (6) with the replacement (9).
The resulting expression can be written in a much more
convenient form in terms of the variables
bi = µ¯ici, λi =
√
16πpi, v =
√
pθpσpδ. (10)
Note that, since (16π)3/2v = λθλσλδ, not all these new
variables are independent. Notice also that, up to a con-
stant factor, v provides the physical homogeneous volume
of the three-torus sections (i.e., the physical volume if no
inhomogeneities are present). The Poisson brackets of
these variables can be easily deduced from Eq. (2):
{bi, λj} = Υ
v
λiδij , {bi, v} = Υ,
{bi, bj} = Υ
v
(bi − bj), (11)
where Υ = κ
√
∆/2. The Poisson brackets of other com-
binations vanish. The effective Hamiltonian constraint
reads in these variables
CeffGM = −
v2
κγ∆
[sin bθ sin bσ + sin bσ sin bδ + sin bδ sin bθ]
+
v2(sin bσ + sin bδ)
2
γ2∆λ2θ
Hint +
λ2θ
8
H0 +
p2φ
2
. (12)
The evolution equations are obtained taking Poisson
brackets with the effective Hamiltonian. Since it does
not depend on φ, it is immediate to see that pφ = dφ/dτ
is a constant of motion. Here, τ is an evolution parameter
conjugate to the Hamiltonian. In fact, when no inhomo-
geneities are present it corresponds to a choice of lapse
equal to the volume, up to numerical factors, namely
dτ = π2dt/(2v) in Eq. (1) [32]. As for the other vari-
ables,
dλθ
dτ
=
vλθ
2γ
√
∆
cos bθ(sin bσ + sin bδ), (13)
dλσ
dτ
=
vλσ
2γ
√
∆
cos bσ(sin bδ + sin bθ)− 2Υvλσ
γ2∆λ2θ
cos bσ(sin bσ + sin bδ)Hint, (14)
dv
dτ
=
v2
2γ
√
∆
[sin bθ(cos bσ + cos bδ) + sin bσ(cos bδ + cos bθ) + sin bδ(cos bθ + cos bσ)]
− 2Υv
2
γ2∆λ2θ
(sin bσ + sin bδ)(cos bσ + cos bδ)Hint, (15)
dbθ
dτ
= − v
γ
√
∆
[
1
2
[(bθ − bσ) cos bσ(sin bθ + sin bδ) + (bθ − bδ) cos bδ(sin bθ + sin bσ)] + sin bθ sin bσ + sin bσ sin bδ
+sin bδ sin bθ
]
+
2Υv
γ2∆λ2θ
(sin bσ + sin bδ) [(bθ − bσ) cos bσ + (bθ − bδ) cos bδ]Hint + Υλ
2
θ
4v
H0, (16)
dbσ
dτ
= − v
γ
√
∆
[
1
2
[(bσ − bθ) cos bθ(sin bσ + sin bδ) + (bσ − bδ) cos bδ(sin bθ + sin bσ)] + sin bθ sin bσ + sin bσ sin bδ
+sin bδ sin bθ
]
+
2Υv
γ2∆λ2θ
(sin bσ + sin bδ) [sin bσ + sin bδ + (bσ − bδ) cos bδ]Hint, (17)
darm
dτ
= −i v
2
γ2∆λ2θ|m|
(sin bσ + sin bδ)
2
(
arm + a
r∗
−m
)− i
8
λ2θ|m|arm, (18)
5where the superindex r denotes again both ξ and ϕ. The
dynamical equations for λδ and bδ can be obtained from
those of λσ and bσ by interchanging σ and δ, and that
for ar∗m is just the complex conjugate of Eq. (18). With
all these equations, it is straightforward to check that the
quantity C = v(bσ − bδ) is a constant of motion, as well
as xrm = a
r
ma
r∗
m −ar−mar∗−m for every m ∈ N. We can then
simplify in part the dynamical equations by introducing
the notation
b+ =
bσ + bδ
2
, b− =
bσ − bδ
2
, C = 2vb−. (19)
The effective Hamiltonian constraint adopts the form
CeffGM =−
v2
κγ∆
[
2 sin bθ sin b+ cos
C
2v
+ cos2
C
2v
− cos2 b+
]
+
4v2
γ2∆λ2θ
sin2 b+ cos
2 C
2v
Hint +
λ2θ
8
H0 +
p2φ
2
,
(20)
and the homogeneous volume satisfies
dv
dτ
=
v2
2γ
√
∆
[
2 sin(b+ + bθ) cos
C
2v
+ sin 2b+
]
− 4Υv
2
γ2∆λ2θ
sin 2b+ cos
2 C
2v
Hint. (21)
The rest of the expressions can be found in the Appendix.
III. SINGULARITIES IN THE BIANCHI I AND
GOWDY MODELS
In this section, we study the possible singularities of
the background Bianchi I metric, regarding the (gravita-
tional and matter) inhomogeneities as the content of the
spacetime [46]. We assume that the energy contribution
of the inhomogeneities remains finite at all times, so any
divergence can arise only from the background.
In a spacetime singularity, curvature invariants typi-
cally diverge (although the divergence may arise in fact
in some of their derivatives). In the framework of LQC,
many of these curvature singularities are resolved in the
homogeneous and isotropic case [36]. As we have already
mentioned, for the anisotropic Bianchi I model it was
shown in Ref. [40] that, even if the Hubble parameters,
the expansion, the shear scalar, and the energy density
are bounded in effective LQC, the curvature invariants
might still diverge under some conditions, a fact that
implies that certain singularities might persist. In this
section we will check whether such a divergent behavior
is or not possible when inhomogeneities of the Gowdy
type are present.
A. Hubble parameters, expansion, shear scalar,
and energy density
It is easy to see from Eqs. (3) and (10) that the direc-
tional Hubble rate Hθ = a˙θ/aθ is given by
Hθ =
λ˙σ
λσ
+
λ˙δ
λδ
− λ˙θ
λθ
. (22)
The expressions for Hσ and Hδ can be obtained from
this one by permutations of (θ, δ, σ). Let us analyze the
ratios λ˙i/λi using the equations of motion of Sec. II. For
simplicity, we will work with a choice of time other than
τ , in order to absorb a factor of v from all the dynamical
equations. We choose the time dT = vdτ = π2dt/2 and
denote in all our equations the derivative with respect to
T with an overdot.
Recalling that sines and cosines have always an abso-
lute value not greater than the unit, it is straightforward
to prove that the equation of motion of λθ (13) guaran-
tees that λ˙θ/λθ is bounded. This means that the deriva-
tive of lnλθ is bounded; so, if the evolution starts with
λθ 6= 0, the value λθ = 0 cannot be reached in a finite
amount of time T . In other words, λθ is bounded away
from zero. For the same reason, it is also bounded away
from infinity.
Now, employing the equations of motion (14) for λσ,
one can express λ˙σ/λσ as a bounded term plus the factor
Hint/λ
2
θ multiplied by another bounded term. Assuming
that Hint is finite, as it should happen in solutions with
a small (and hence bounded) energy contribution of the
inhomogeneities, and recalling that λθ cannot vanish in
a finite time, we conclude that λ˙σ/λσ cannot diverge in a
finite time. Consequently, λσ cannot vanish nor diverge
to infinity in a finite period of time T if the system begins
with a nonvanishing initial value for this quantity. The
same conclusion is reached for λ˙δ/λδ.
The behavior of the terms λ˙i/λi guarantees that the
directional Hubble parameters of the Bianchi I part of the
Gowdy model are locally bounded on each effective tra-
jectory, similarly to what occurs in the genuine Bianchi I
case, without gravitational and matter inhomogeneities.
Let us now analyze the behavior of the expansion and
the shear scalar. The expansion scalar θ¯ = v˙/v can be
easily calculated using Eqs. (10) and (3). One gets
θ¯ =
v˙
v
= Hθ +Hσ +Hδ. (23)
Therefore, clearly, θ¯ is always bounded on effective tra-
jectories. Besides, v cannot vanish nor diverge to infinity
in a finite time T . In fact, not even can v vanish asymp-
totically, as we will see below.
On the other hand, the expansion tensor can be ex-
pressed as
θ¯µν = σµν +
1
3
θ¯ (gµν + vµvν) , (24)
6where σµν is the (traceless) shear tensor, gµν is the metric
tensor and vµ is the unit velocity tangent to the time-like
geodesics. Its covariant derivative is vµ;ν = θ¯µν , since
there is no vorticity in the system [47]. Using this relation
and Eq. (24), the shear scalar σ2 = σµνσ
µν/2 can be
calculated, obtaining:
σ2 =
1
6
[
(Hθ −Hσ)2 + (Hσ −Hδ)2 + (Hδ −Hθ)2
]
.
(25)
Again, we immediately see that this scalar is locally
bounded on each effective solution, because the same
happens with all the Hubble parameters.
Finally, the energy density is defined as ρ = Cmat/v2,
where Cmat is the part of the Hamiltonian that includes
the inhomogeneities and the scalar field contribution (re-
garded all as matter content). It can be calculated from
the Hamiltonian constraint CeffGM = 0, with the appro-
priate densitization. Using Eq. (20) divided by v2, one
gets
ρ =
1
κγ∆
[
2 sin bθ sin b+ cos
C
2v
+ cos2
C
2v
− cos2 b+
]
,
(26)
which is also a bounded quantity.
In conclusion, the presence of inhomogeneities, viewed
as a matter content in the Bianchi I background part
of the system, does not alter the fact that the Hubble
parameters, the expansion, the shear scalar, and the en-
ergy density remain bounded in the effective dynamical
evolution, provided that Hint is kept finite.
B. Curvature invariants
We now analyze the behavior of the Ricci scalar R, the
Kretschmann scalar K, and the square of the Weyl cur-
vature, in order to discuss whether it is possible that they
blow out in the evolution. These scalars can be written
in terms of the Hubble rates and the second derivatives
of the directional scale factors [40]. We have
R = 2
[
HθHσ +HσHδ +HδHθ +
∑
i
a¨i
ai
]
, (27)
K = 4
[
H2θH
2
σ +H
2
σH
2
δ +H
2
δH
2
θ +
∑
i
a¨2i
a2i
]
, (28)
whereas the square of the Weyl curvature is
CαβµνC
αβµν =
4
3
a¨θ
aθ
(
a¨θ
aθ
−HθHσ + 2HσHδ −HδHθ
)
− 4
3
[
a¨θ
aθ
− 1
2
H2θ (Hσ −Hδ)2
]
+ (cyclic permutations).
(29)
As indicated, the rest of the terms are obtained from the
explicit ones with cyclic permutations of (θ, σ, δ). For the
studied Gowdy model, we have seen that the Hubble pa-
rameters are locally bounded on each trajectory, so the
question of whether these curvature invariants diverge
depends exclusively on the behavior of the terms a¨i/ai.
The form of these terms can be obtained after some alge-
braic manipulations using Eqs. (3) and (10) [40]. Thus,
a¨θ
aθ
=
λ¨σ
λσ
+
λ¨δ
λδ
− λ¨θ
λθ
+
1
2
(
H2θ −HθHσ +HσHδ −HδHθ
)
.
(30)
The expressions for a¨σ/aσ and a¨δ/aδ can be obtained by
permutations of the labels (θ, σ, δ).
Hence, the boundedness of the curvature invariants
turns out to be determined by that of the terms λ¨i/λi.
The behavior of these terms can be deduced from the
equations of motion (13) and (14) of the variables λi.
The resulting expressions are
λ¨θ
λθ
=
1
2γ
√
∆
[
−b˙θ sin bθ(sin bσ + sin bδ) + cos bθ(b˙σ cos bσ + b˙δ cos bδ)
]
+
1
4γ2∆
cos2 bθ(sin bσ + sin bδ)
2, (31)
λ¨σ
λσ
=
1
2γ
√
∆
[
−b˙σ sin bσ(sin bδ + sin bθ) + cos bσ(b˙δ cos bδ + b˙θ cos bθ)
]
− 2Υ
γ2∆λ2θ
cos bσ(sin bσ + sin bδ)H˙int
+
2Υ
γ2∆λ2θ
{
2
λ˙θ
λθ
cos bσ(sin bσ + sin bδ) +
[
b˙σ sin bσ(sin bσ + sin bδ)− cos bσ(b˙σ cos bσ + b˙δ cos bδ)
]}
Hint
+cos2 bσ
[
1
2γ
√
∆
(sin bδ + sin bθ)− 2Υ
γ2∆λ2θ
(sin bσ + sin bδ)Hint
]2
. (32)
The expression for λ¨δ/λδ is similar and can obtained in-
terchanging σ and δ in the last equation. We have already
proven that λθ cannot vanish at a finite time, nor λ˙θ/λθ
can diverge. Then, accepting that H0 remains finite, so
does Hint ≤ 2H0, and also its derivative, which, after
some manipulation of Eqs. (8) and (18), can be seen to
7satisfy the bound
|H˙int| ≤
(
4v
γ2∆λ2θ
(sin bσ + sin bδ)
2 +
λ2θ
4v
)
H0. (33)
Incidentally, |H˙0| has a similar bound, consistent with
the assumption that H0 remains finite for finite T . Thus,
the only terms that might cause the divergence of cur-
vature invariants are the derivatives of the variables bi:
b˙θ, b˙σ, and b˙δ. Their values are given by the equations
of motion (16), (17), and the corresponding equation for
b˙δ. Recalling again that λθ and v cannot vanish nor di-
verge at a finite time, and provided that the energy of
the inhomogeneities does not blow up, we conclude that
the curvature invariants may diverge only if any of the
variables bi diverges.
However, in fact none of the bi’s can diverge. Let us
suppose that a certain dynamical trajectory encounters
a singularity at a certain time TS. In that trajectory,
the functions λi and Hint can be extended continuously
beyond TS, owing to the boundedness of their deriva-
tives up to that point. Consequently, one can safely ad-
mit that the derivatives b˙i, regarded as functions of T
and ~b = (bθ, bσ, bδ), are continuous. Besides, one can
check that they satisfy locally the Lipschitz condition in
~b. Then, Picard’s Existence Theorem [48] ensures that
the bi’s are bounded in a suitable interval of time that
can be extended beyond TS. Therefore, there can not be
a singularity at TS.
In more detail, we can start with general initial condi-
tions (T0,~b0) ∈ R4 and two real numbers L and b, with
the only restriction that |TS − T0| < L and that, in the
set
B = {(T,~b) : |T − T0| < L, ‖~b−~b0‖ < b}, (34)
the derivatives b˙i satisfy the Lipschitz condition in ~b.
Actually, given our evolution equations, we can take b
as large as we want. Hence, Picard’s theorem guar-
antees the existence of a solution ~b(T ) in the interval
|T −T0| < min(L, b/M), whereM = supB ‖d~b(T,~b)/dT ‖,
satisfying the initial condition ~b(T0) = ~b0. In our case, it
is possible to see that M depends in fact on b and that
the ratio b/M has a non-vanishing limit for infinite large
b, independent of the choice of L. Selecting now L prop-
erly, so that it is smaller than the value of this limit (and
T0 accordingly, so that |TS − T0| < L), we conclude that
the regularity of the solution in a neighborhood of TS is
in fact secured.
Finally, let us show that in fact the homogeneous vol-
ume can never vanish, not even asymptotically, and so is
bounded from below on each effective trajectory. If we
set v = 0 in the effective Hamiltonian constraint (12), we
obtain that CeffG = λ2θH0/8 + p2φ/2. Since the two contri-
butions on the right-hand side of this expression are non-
negative, (as soon as we have a nonzero momentum pφ of
the homogeneous scalar field) the Hamiltonian constraint
cannot be satisfied for vanishing volume. Therefore, in
these circumstances the volume cannot vanish in the evo-
lution, but instead remains bounded away from zero. As
a consequence, no cosmological singularity with vanish-
ing volume may exist in fact. This is a noticeable result,
that generalizes to the inhomogeneous Gowdy model the
resolution of the Big Bang singularity found in the ho-
mogeneous case.
IV. FEASIBILITY OF THE BOUNCE
Supposing that there is a bounce in the homogeneous
volume, we now delimitate the regions of phase space
where it can occur. This event would be characterized
by the vanishing of the derivative v˙. Imposing this in
Eq. (21), taking into account that the volume is strictly
positive, and provided that sin 2b+ does not vanish (the
case of vanishing sine can be analyzed as a limit), we ob-
tain the following quadratic equation in x = cos(C/2v):
x2 − 2βSx− β = 0, (35)
where
β =
γ
4κ
λ2θ
Hint
, S =
sin(b+ + bθ)
sin 2b+
. (36)
The solutions of this equation are
x = βS ±
√
β2S2 + β. (37)
Note that the argument of the square root is always pos-
itive and hence the two solutions are always real. More-
over, since β is positive, one of the solutions is positive,
and the other one is negative. From now on, we will call
p-branch and m-branch these solutions, respectively, cor-
responding to the plus and the minus sign in front of the
square root.
Since x is a cosine, only solutions satisfying |x| ≤ 1 are
valid. This implies the restriction
1∓ βS ≥
√
β2S2 + β, (38)
which leads to the equivalent one
1
β
≥ 1± 2S (39)
if β 6= 0. Figure 1(a) shows the regions of the (S, 1/β)
plane where these inequalities are satisfied.
The special limits β → ∞, which corresponds to ho-
mogeneity (vanishing Hint), and S → ±∞ can be easily
analyzed separately. In each case, there is only one so-
lution, namely x = −1/(2S) if β → ∞ and x = 0 if
S → ±∞ [assuming sin(b+ + bθ) 6= 0].
There are additional restrictions on the values of β and
S arising from the imposition of the Hamiltonian con-
straint, CeffGM = 0. Using Eq. (20) and the solutions (37),
we obtain a linear equation in v2, whose solution is
v2 =
κγP∆
β − 1 + 2(βS + z)(βS ±
√
β2S2 + β)
, (40)
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FIG. 1: (a): The colored area is the region of the parameter space where there is at least one solution to Eq. (35) such that
|x| ≤ 1. The left (right) wedge corresponds to the p-branch (m-branch). Both branches coexist in the darker area. (b): Region
compatible with the condition v2 > 0 for z = 1. The left (right) wedge corresponds to the m-branch (p-branch). The lower
wedge admits both branches. The line βS = −z and the hyperbola β − 1 + 2βS(βS + z) = 0 are also depicted. (c): Region
where both restrictions are satisfied simultaneously.
where
P =
1
8
λ2θH0 +
1
2
p2φ, z =
1
2
sin(bθ − b+) tan b+. (41)
For consistency, we must impose the positivity of the
solutions, so that v2 > 0. This constrains further the
feasible region of our parameter space. The numerator on
the right-hand side of Eq. (40) is clearly positive (recall,
in particular, that so is H0). Therefore, the denominator
must be positive as well, i.e., we have to require
β − 1 + 2βS(βS + z) ≥ ∓2(βS + z)
√
β2S2 + β. (42)
If the inequality is saturated, the Hamiltonian constraint
can not be satisfied, since CeffGM = P > 0, irrespective of
the value of v2. This happens when either of the following
equalities hold:
1
β
= 1 + 2
(
z +
√
z2 + 1
)
(S + z), (43)
1
β
= 1 + 2
(
z −
√
z2 + 1
)
(S + z). (44)
These lines split the half-plane (S, 1/β) in four wedges
[see Fig. 1(b)]. In the upper and the lower wedges
|β − 1 + 2βS(βS + z)| >
∣∣∣2(βS + z)√β2S2 + β∣∣∣ ; (45)
so Eq. (42) holds for both signs in that inequality if, in
addition, β − 1+ 2βS(βS + z) is positive. It can be seen
that this condition removes the upper wedge. In conclu-
sion, the p-branch and the m-branch lead to admissible
solutions in the lower wedge, but none of them is accept-
able in the upper one.
In the left and the right wedge, the inequality (45) is
reversed. Therefore, the restriction (42) is now satisfied
only for one sign on the right-hand side of that equation,
depending on whether
∓ (βS + z) < 0. (46)
This condition is satisfied for the m-branch in the left
wedge and for the p-branch in the right one.
All together, conditions (39) and (42) are simultane-
ously met in the region characterized by
1
β
< 1 + 2
(
z + sgn(z)
√
z2 + 1
)
(S + z), (47)
1
β
≥ 1 + 2 sgn(z)S, (48)
1
β
6= 1 + 2
(
z − sgn(z)
√
z2 + 1
)
(S + z). (49)
An example of this kind of feasible region is shown in
Fig. 1(c). Besides, the conditions select a unique value of
x (belonging to the p-branch if z > 0 or to the m-branch
if z < 0) at each point of the region.
Therefore, there are large regions of the parameter
space where a bounce in the homogeneous volume cannot
occur. On the other hand, we have not proven that ef-
fective trajectories within the feasible region do undergo
a bounce. Nevertheless, we have found that this can in-
deed be the case by integrating numerically the dynam-
ical equations (A.2)–(A.6) with Matlab in some simple
situations with only a few inhomogeneous modes present.
Figure 2 displays two examples of bouncing trajectories.
The reliability of the numerics was tested by changing
the range of the integration step and tracking the Hamil-
tonian constraint, which keeps well below 10−12 at every
point of the trajectories.
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FIG. 2: Evolution of the homogeneous volume v in effective trajectories featuring bounces. The dynamical equations (A.2)–
(A.6) were integrated numerically with Matlab, choosing the initial values so that the trajectory started in the feasible region:
(a) β = 100, S = −0.994771, z = 0.977429; (b) β = 1000, S = −0.525495, z = 0.0989956. For simplicity, the only present
inhomogeneous modes were those with m = 1,−1 in both cases.
We can use Eq. (40) to analyze how the inhomo-
geneities affect the value of the homogeneous volume
at its bounce. The numerator on the right-hand side
of the equation is clearly larger in the inhomogeneous
(H0 > 0) than in the homogeneous case (H0 = 0). On
the other hand, the denominator, which can be rewritten
as y(x) = x2+2zx− 1 , reaches its minimum at x = −z.
To be specific, let us consider the case z > 0, so the al-
lowed values of x belong to the p-branch (the analysis is
essentially the same if z < 0). From Eq. (37),
x =
1√
S2 + 1β − S
. (50)
One can easily check that, in this branch, x decreases
as β diminishes—that is, as the inhomogeneities become
more important. Since y is monotonically increasing in
the positive semi-axis (and x > 0 in the p-branch), we
conclude that the denominator is smaller when the inho-
mogeneities are stronger.
In conclusion, the inhomogeneities result in an increase
of the numerator on the right-hand side of Eq. (40) and a
decrease of the denominator. Therefore, the value of the
homogeneous volume at the bounce is larger than the
one corresponding to the homogeneous case. In other
words, the inhomogeneities increase the value of this vol-
ume at the (potential) bounce. This can be understood
heuristically by recalling that the contribution of the per-
turbations to the energy density is positive, according
to Eq. (20). Consequently, it seems reasonable that the
bouncing regime is entered at bigger volumes.
V. CONCLUSIONS
In this work we have studied the possible existence of
singularities in inhomogeneous and anisotropic cosmolo-
gies, focusing our attention on the three-torus Gowdy
model, with linearly polarized gravitational waves and
a minimally coupled scalar field with the same symme-
tries as the geometry. This model can be interpreted as
an inhomogeneous content, made of the inhomogeneous
part of the gravitational waves and the matter scalar
field, which propagates in a homogeneous Bianchi I back-
ground. The physics of this simple model facilitates the
comprehension of the role of inhomogeneities in quantum
gravity and allows one to check whether the results ob-
tained in homogeneous LQC are still valid in the presence
of these inhomogeneities.
On the one hand, we have generalized the results de-
rived by Singh [40] for the Bianchi I model by study-
ing the possible divergences of the curvature invariants
in the considered inhomogeneous model. We have con-
firmed that, as in the Bianchi I case, the directional Hub-
ble rates, the expansion, the shear scalar, and the energy
density in the Bianchi background cannot diverge to in-
finity in the effective dynamics, provided that the en-
ergy interaction of the inhomogeneities, Hint, is kept fi-
nite. Moreover, in contrast to the homogeneous Bianchi I
model (where certain pathologies are not completely dis-
carded generally), we have proven that in this inhomoge-
neous model all the potential cosmological singularities
are avoided, as long as the energy of the inhomogeneities,
H0 (recall that H0 ≥ Hint/2), is finite. In particular, we
have demonstrated that, thanks to the restrictions im-
posed by the Hamiltonian constraint, the homogeneous
volume v can never vanish in the evolution, and hence
singularities with vanishing homogeneous volume cannot
exist. This generalizes the results about the resolution of
the Big Bang singularity found in homogeneous cosmolo-
gies to the considered inhomogeneous Gowdy model.
On the other hand, we have considered the possibility
of a bounce in the homogeneous volume and determined
the regions of the phase space where it may happen. We
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have found that the value of the volume at the bounce
is given by the two possible branches of solutions to a
quadratic equation. These two branches, however, are
not generally valid in the complete phase space as a con-
sequence of two consistency restrictions. The first is due
to the fact that the equation of motion for the volume
depends on the quantity cos(C/2v), whose absolute value
must be less than or equal to one. The second restriction
results from the positiveness of the square of the volume.
Taking this into account, we have determined the feasi-
ble region for each of the branches and we have found
that at most one of the branches may be valid (and this
specific branch is not always the same). After charac-
terizing the region of the phase space where the bounce
in the homogeneous variable is feasible, we have studied
numerically some effective trajectories within that region
which do indeed undergo a bounce. Nonetheless, we have
limited our study to simple situations with just a few in-
homogeneous modes. Finally, we have analyzed the value
of the feasible solutions to demonstrate that, provided a
bounce in the homogeneous volume does occur, the inho-
mogeneities make the value of this volume at the bounce
increase with respect to its counterpart in the homoge-
neous case.
Although a truncation of the model to a finite number
of degrees of freedom is necessary to deal with it numer-
ically, it would be interesting to extend the analysis of
the effective trajectories presented in this work to sce-
narios with an increasing number of modes present. It is
worth emphasizing that we have discussed the resolution
of singularities of the Bianchi I (effective) background in
the presence of the inhomogeneities corresponding to the
gravitational waves and scalar field content of a Gowdy
cosmology, but we have not fully investigated the possi-
bility of singularities in the inhomogeneous part of the
system. That investigation has to face as well the dif-
ficulties of dealing with an infinite number of degrees
of freedom. Another topic for further discussion is the
possible existence of bounces in other quantities, for in-
stance in the anisotropies λi. As a more ambitious goal,
numerical simulations could be used to confirm whether
the effective dynamics is actually correct by studying the
quantum evolution of appropriate physical states that, in
the large volume regions, posses a semiclassical behavior
with a small content of inhomogeneities. Again, a trun-
cation of the model may be necessary, passing finally to
the limit of an infinite number of modes.
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Appendix: Effective equations of motion
In terms of the variables introduced at the end of
Sec. II, b+ = (bσ + bδ)/2 and b− = C/(2v), the equa-
tions of motion read
dλθ
dτ
=
vλθ
γ
√
∆
cos bθ sin b+ cos
C
2v
, (A.1)
dλσ
dτ
=
vλσ
2γ
√
∆
[
sin bθ + sin
(
b+ − C
2v
)]
cos
(
b+ +
C
2v
)
− 2κvλσ
γ2
√
∆λ2θ
sin b+ cos
C
2v
cos
(
b+ +
C
2v
)
Hint, (A.2)
dλδ
dτ
=
vλδ
2γ
√
∆
[
sin bθ + sin
(
b+ +
C
2v
)]
cos
(
b+ − C
2v
)
− 2κvλδ
γ2
√
∆λ2θ
sin b+ cos
C
2v
cos
(
b+ − C
2v
)
Hint, (A.3)
dbθ
dτ
= − v
γ
√
∆
[
2 sin bθ sin b+ cos
C
2v
+ sin
(
b+ +
C
2v
)
sin
(
b+ − C
2v
)
+(bθ − b+)
(
sin bθ cos b+ cos
C
2v
+
1
2
sin 2b+
)
+
C
2v
(
sin bθ sin b+ sin
C
2v
+
1
2
sin
C
v
)]
+
4κv
γ2
√
∆λ2θ
sin b+ cos
C
2v
[
(bθ − b+) cos b+ cos C
2v
+
C
2v
sin b+ sin
C
2v
]
Hint +
κ
√
∆λ2θ
8v
H0, (A.4)
db+
dτ
= − v
γ
√
∆
[
2 sin bθ sin b+ cos
C
2v
+ sin
(
b+ +
C
2v
)
sin
(
b+ − C
2v
)
+(b+ − bθ) cos bθ sin b+ cos C
2v
+
C
2v
(
sin bθ sin b+ sin
C
2v
+
1
2
sin 2b−
)]
+
4κv
γ2
√
∆λ2θ
sin2 b+ cos
C
2v
[
cos
C
2v
+
C
2v
sin
C
2v
]
Hint, (A.5)
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da
(r)
m
dτ
= −i 4v
2
γ2∆λ2θ|m|
sin2 b+ cos
2 C
2v
(
a(r)m + a
(r)∗
−m
)
− i
8
λ2θ|m|a(r)m . (A.6)
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